An incompressible hydrodynamic-type system can be reduced to the dynamics of "chiroids" (a la Kelvin) with helical wave/mode representation. Left-and right-handed chiral sectors of the absolute statistical equilibrium spectra are split, and either sector may present without the necessity of the existence of the other, i.e., unichirally. One sector can dominate around its positive pole(s) with corresponding net helicity. New insights concerning chirality (selection and amplification) and spectral transfers of turbulence of various systems (for neutral fluid and plasma dynamics) follow.
been made (see, e.g., Yang, Su & Wu 2010 , and references therein): Nature of the triadic interactions can be exposed more clearly (Waleffe 1992) and be exploited to understand better the fluctuations, for instance, of electron MHD (EMHD) and Hall MHD (Galtier & Bhattacharjee 2003; Galtier 2006) . And, spectral dynamics can be diagnosed in a finer way (Chen, Chen & Eyink 2003 , see more detailed discussions in §2.2). In particular, for the pure-helical-mode subsystem with only modes of one chiral sector of Navier-Stokes equations, one can expect a dual cascade picture [indeed, we will see that Kraichnan (1973) 's helical spectra can be refined to allow a negative temperature state to support the numerically realized inverse energy cascade by Biferale, Musacchio & Toschi (2012) .] On the other hand, approaching nearly maximally helical, i.e., one-chiral-sector-dominated states (OCSDSs) with severe chiral symmetry (balance of positive and negative helicity) breaking along scales have been explicitly demonstrated (e.g., Meneguzzi, Frisch & Pouquet 1981; Brandenburg, Dobler & Subramanian 2002 , see more detailed discussions in §2.3.1) but want a corresponding theoretical understanding, as we will offer. Recently, Meyrand & Galtier (2012) studied Hall MHD new chirality symmetry breaking in the sense of domination by whistler or ion-cyclotron waves (defined by the linear wave dispersion relation), which is different to the chirality signature coming from the helical representation used in this paper (see §2.3.2 for more remarks).
The equilibrium-statistical-mechanics approach to investigate turbulence had been somewhat esoteric, but Kraichnan (1967, 1973, hereafter K67 and K73) established in a more explicit and complete way the AE for both 2D and 3D incompressible HD. Fourier modes beyond [k min , k max ] being discarded (Galerkin truncation), certain rugged quadratic invariants -for solutions regular enough to bear no dissipative anomaly (see, e.g., Eyink 2008) -such as the kinetic energy (E K ) and enstrophy (for 2D) or helicity (H K , for 3D), are still conserved. With the constraints of these rugged invariants, Kraichnan obtained the respective energy spectral densities for 2D and 3D: U K (k) = 1/(α + βk 2 ) and U K (k) = 2α/(α 2 − β 2 k 2 )
respectively: For symbolic convenience, from now on the vector argument k will be replaced with its module k by isotropicity consideration. U K (k) for 3D, for instance, can be derived immediately from the Gibbs distribution
where α is the temperature parameter associated with energy and β with helicity (enstrophy in 2D). † K67 showed that low enstrophy state in 2D corresponds to a negative α, indicating condensation of energy at smallest k with a roughly (smoothed) shape spectral density (c.f., similar MHD figures in Frisch et al. (1975) ). In 3D, there is no such negative temperature state (α > 0 due to the realizability condition from the positive definiteness of the quadratic form † We adopt K73 notations and definitions: EK =˜ k UK (k) →˜ dk4πEK(k) and HK =˜ k QK (k) →˜ dk4πHK(k) in the continuous-k limit, where• implies restricting to the subset of surviving modes and E(k) = k 2 UK (k) and H(k) = k 2 QK (k) are the 1D spectra. We will always use α for energy related temperature parameter and β for helicity. Self-evident indexes, such as M for "magnetic", when necessary for discrimination, will be added to β, U , Q, E and H etc. And, for simplicity we will always use Gibbs ensemble calculation and will not repeatedly formulate and explain it. The general results of this paper are not affected by the differences between an infinite domain and a finite cyclic box, so we may switch between these two descriptions, depending on which one is more convenient. Difference of a factor of 2 may arise, depending on how one treats the realizability condition (see below) and the invariant(s) (summation over the whole or half of the wavenumber domain etc.), and yet another freedom about the sign of helicity is of one's free choice. Also, spectra in this paper may be obtained in other approaches, such as finding the stationary solution of the master equation with the properties of vertices relevant to the conservation laws, which may avoid explicitly resorting to the Gibbs distribution (Private communication with E. A. Kuznetsov).
αE K + βH K ) but only shape spectral density, and low helicity state corresponds to vanishing β and equipartition of energy. By statistical consideration of the tendency of the interacting modes to relax towards the equilibrium state, inverse energy cascade was then argued for 2D but disputed for 3D. Note also that, as argued by L'vov et al. (2002) for 2D turbulence, in some situations turbulence is actually not far from absolute equilibrium. One may even imagine a twostep scenario that the system first reached equilibrium which was then broken with the quantity, say, energy, being removed from the scales of concentration. Such a thought experiment makes good sense when the thermalization eddy turn over time scale is reasonably smaller than that of the equilibrium-breaking mechanism, such as that due to (hypo)viscosity.
Helical (wave/mode) representation
For a 3D transverse vector field (velocity u, vorticity ω = ∇ × u and the transverse component of vector potential A of magnetic field B † etc.) in a cyclic box of volume, say, V = (2π) 3 , the helical (mode/wave) representation in Fourier space reads (Moses 1971) Galtier 2006) . And, relevant details of the AE calculation have been well described in the literature and do not require any further elaboration here. For instance, it is routinary to check Liouville theorem and rugged conservation properties after Galerkin truncation of the helical modes, which is true for all the models studied here (for HD, c.f., equations 7 and/or 9 of Waleffe 1992). To be a bit more definite but without loss of generality, using indexed ys for the variables related to the real and imaginary parts of the active chiroidsv c (k), we can write down the dynamical equations as
with A lmn satisfying some specific symmetries to assure the detailed conservation of energy and relevant helicity(ies) and Liouville theorem. Note that for cases with linear terms of the original variables on the right-hand side, such as the 3D gyrokinetics (Zhu & Hammett 2010) , a simple linear transformation of variables reduces them to this form which is formally the same as the well-known classical Fourier Galerkin truncated Euler case. Readers can go to the Appendixes for more discussions on the detailed conservation laws, dynamical and topological aspects, and, tacit assumptions in the statistical consideration.
We progressively perform a minimal but systematic investigation, with different emphases, of EMHD with formally pure magnetic field dynamics §2.1, HD ( §2.2), and, single-fluid ( §2.3.1) and two-fluid ( §2.3.2) MHDs. §2.1 discuss mainly the natural chiral selection for inverse magnetic helicity transfer; §2.2 concentrates on the chirally asymmetric truncation effects, §2.3.1 on new insights to the classical dynamo issue, §2.3.2 on the asymmetry between the dynamics of the two species and the kinetic effects. Although many of the discussions in the (sub)subsections, such as the asymmetric truncations of the two chiral sectors for some ks in §2.2, can be carried over to other (sub)subsections, mutatis mutandis, to get some relevant new insights, we won't detail such obvious points. The general purpose is to lay out the basic AE as a first step to explore some fundamentals of turbulent transfers, especially for a comprehensive basic understanding of the relevant helicity effects. † The focus is the most basic new insights attached to the chirally decomposed AE, with which we will revisit the most relevant studies, rather than any other specific turbulence (closure) theories (such as the wave turbulence theories studied by Galtier and collaborators), though our results may be used as benchmarks of relevant analytical or numerical treatments.
As said, it is not necessary to elaborate the calculations repeatedly, thus the following presentation will mainly consist in a set of brief backgrounds and theoretical frameworks, discussions of our results with careful comments on relevant studies and new explanations of documented data.
Readers are suggested to go directly to the (sub)subsection(s) for the interested model(s)/topics first and then to §3 for concluding remarks (where not only the major results are summarized, but also the genericities and differences are extracted by comparisons across different models), before trying to read the analyses of others.
One-chiral-sector-dominated absolute equilibrium and turbulence states
Basic (rules of) notations, definitions and calculation techniques follow §1. Readers are assumed to be familiar with the relevant ideas and techniques of K67 and K73 summarized there. We do not repeat the further detailed simple calculations of the spectra following K73 and Frisch et al. (1975) which will actually be found to be greatly simplified, since much (for singleand two-fluid MHDs) or all (for EMHD and HD) of the diagonalization work and the solenoidal constraints, have already been performed from the beginning with the helical representation while constructing our ensemble.
Electron magnetohydrodynamics (EMHD) of pure magnetic field dynamics

EMHD equation
formally involves only the magnetic field. This model corresponds to the small electron skin depth d e ≪ 1 limit of the more general case (which we will discuss later) and is relevant to helicons or whistler waves in solid conductor (including neutron star's solid crust), atmosphere etc (see, e.g., Biskamp et al. 1999; Galtier & Bhattacharjee 2003, and references therein) . Note that B is "frozen in", by definition, to the electron fluid velocity u e = −∇ × B. Rugged invariants are magnetic energy and helicity:
The two chiral sectors of the AE spectral densities (c.f., §1) of energy and helicity are then
From the above spectral relations, just as K67, but with energy playing the role of enstrophy there, a low energy state corresponds to condensation of Q at smallest wavenumbers, close to the positive pole k p = −cβ/α of one of the chiral sectors, say, c = +, with β < 0 < α. The implication for turbulence is inverse helicity and forward energy transfers. In principle, as long as there is net helicity with β = 0, one chiral sector can dominate at large scales (i.e., OCSDS around the positive pole), though commonly done in experiment to provoke EMHD turbulence is to impose a background magnetic field (see, e.g., Stenzel 1999) which breaks the skin effect and guides the waves. If helicity is injected at some intermediate k, we should see dominant inverse helicity and forward energy transfers. If the transfers in these two regimes are approximable by self-similar local cascades and that suitable for simple dimensional analysis, energy spectra follow k −5/3 and k −7/3 scalings: Biskamp et al. (1999) first proposed and presented (in slightly different situations) such scalings, and their Fig. 8b with electron skin depth d e ≪ 1 does correspond to the forward energy cascade of our case. The scale separation between the dominant dynamics of the two cascade quantities of EMHD is weaker than 2D fluid turbulence, in the sense that the spectral ratio of each chiral sector is at most k, instead of k 2 of the latter. So, at finite Reynolds numbers, cascade of either definitely is accompanied by stronger (than 2D turbulence) leaking of the other. The subdominant energy transfer, accompanying the inverse helicity transfer and vanishing at high Reynolds number limit, should not be recognized to be the genuine inertial cascade. † Our result indicates a largest-scale nearly force-free magnetic fields. For the discrete-k case, the smallest-k modes contain most of the energy, so the whole global structure may appear to be roughly Beltrami, with smaller-scale "turbulent" fluctuations. Note that completely force-free fields, instead of ours with the scale-dependent degree of chirality (measurable by the relative helicity (Kraichnan 1973) ), were obtained with several variational formulations in 1950s: We will come back to this in §2.3.1 for single-fluid MHD.
The basic feature, concerning the issue of magnetic helicity inverse transfers/cascades, of the EMHD results in the above is also central to other MHD models with magnetic field. Some brief remarks for the finite-d e (which is used for scale normalization here) general EMHD model,
are in order. The "frozen-in" generalized vorticity is ∇ × P e = ∇ × u e − B with P e = u e − A. The rugged invariants are now total energy and generalized helicity E =
, which complicates the quantitative transitional spectral behaviors (c.f., §2.3.2 for more general discussions for similar situations in two-fluid MHD). In the other limit regime of scales much smaller than d e , or in another word, when k ≫ 1 and that
, the same as the pure HD case, supporting both energy and helicity cascading forwardly (c.f., Fig. 8a of Biskamp et al. 1999) ; ‡ Magnetic helicity concentrating at or transferring to "large" (of course in the sense of subsidiary limit) scale can only be obtained with imposed asymmetric truncation between the two chiral sectors, such as that leaving only the c = + sector (Waleffe 1992; Biferale, Musacchio & Toschi 2012 , and see §2.2 for the discussions). This should not be surprising, since electron kinetic fluid flow dominates in this limit.
Pure neutral fluid hydro-dynamics (HD)
For the classical incompressible HD, i.e.,
where the pressure p can be eliminated by ∇ · u = 0, the rugged invariants are kinetic energy and helicity
which lead to the densities of separate chiral sectors:
Note that the above spectra can not be considered to be simply the decomposition (into two chiral sectors) of K73 densities (c.f., §1) which are not valid when there is asymmetric truncation between the two chiral sectors of some k, that is, when only one of the chiral sectors of some k † One should be particularly careful for the decaying case which is exactly the simulation by Cho (2011) , who, by "inverse energy cascade", meant merely the backward shift of the peak of his energy spectrum, which is nothing genuine in connect to the conventional notion of inertial cascade and which is not in conflict with our statement of forward energy cascade (Private communication). ‡ Note that, for convenience, in this regime one may want to study magnetic enstrophy W defined through
and the other quantity S, which may be called magnetic helistrophy,
Such an attempt however is conceptually not very appropriate, since neither of them are conserved quantities. is truncated to be unichiral. But, if there is no cancelation, one can not derive from Eq. (2.2)
3) which are in particular not true for any k in the homochiral system with only one, say, the positive chiral sector. In such homochiral case with c = +, α > 0 is not required by realizability condition ( §2.2) and Eq. (2.2) shows that the low helicity state corresponds to a negative α with a sharp peak at the lowest modes k min > k p = |α/β| close to the positive simple pole k p . Such a shape energy spectral density, just as K67, supports inverse energy and forward helicity dual transfers (Waleffe 1992 , who also aruged for this with his "stability assumption") with Kraichnan's argument of the tendency of relaxation towards equilibrium. Inverse energy cascade with a thorough truncation of one of the sector of Navier-Stokes does have been successfully realized by Biferale, Musacchio & Toschi (2012) .
If both sectors present, only shape spectral density dominated by one of the sector around the peak is allowed by the realizability conditions α > 0 and k max < α/|β| (from the positive definiteness of the quadratic form: c.f., §1). Large-scale condensation mechanism is absent, thus inverse cascade in HD generally needs other special treatments as reviewed by Yang, Su & Wu (2010) and Biferale, Musacchio & Toschi (2012) . Although, unlike at large scales, normal dissipation would devastatingly ruin such small-scale AE structure, some residuals of such intrinsic nonlinearity effects may persist. Indeed, the fluxes of the two chiral sectors reported by Chen, Chen & Eyink (2003) do show systematic differences: According to the working conditions, their Figs. 2-5 correspond to the case with positive helicity, that is, the positive pole belongs to the positive sector with negative β. Dominance of the positive sector of AE spectrum indicates that nonlinearity should support the transfer of this sector to be more persistent, consistent with the results and analyses of Chen, Chen & Eyink (2003) . We may also call them OCSDSs in the sense of dominance of energy and helicity fluxes of one sector, as signatured by the lower panels of their Figs. 4 and 5. The large-k viscous effect efficiently restores the reflexion symmetry, and the degree of (local-in-k) chirality measured by relative helicity vanishes as k −1 throughout the inertial range with accurate k −5/3 scaling exponents for both energy and helicity (Kraichnan 1973) . The large-k pole effect of one chiral sector nevertheless provides a prototype for other similar possible physics (c.f., §2.3.2) in more complex situations, furthermore it might be possible to find its stronger activity in a non-Newtonian fluid such as the (dilute) solution of chiral polymers (such as deoxyribonucleic acid -DNA) in a normal fluid where some kind of resonance between one chiral sector of the fluid motion and the polymer's chiral structure/activity could happen. Now, suppose we have only one pair of conjugate alien, i.e., negative-helicity, modes at k min much smaller than the injection wavenumber k in , and that there is no negative temperature state to support a conventional inverse energy cascade argument a la K67. Will energy abruptly turn to cascade forwardly, or there should be a transitional behavior? To get illumination, one may apply to the arguments and thought experiment presented at the end of §1.1. Consider Eqs. (2.2) and (2.3) with α > 0 and β > 0, and suppose energy is injected at some intermediate k in . These alien modes may help transfer extra positive helicity nonlocally to small scales, by which, though, their own negative helicity (and energy) would have to increase. The growth of these alien modes is allowed, even in the sense of AE, with α/β approaching k min . [Note that k can be larger than α/β, since the alien modes are restricted to k min , unlike the full system discussed by Kraichnan (1973) ; or, in another word, Kraichnan (1973) could not let α/β approach k min because of other "alien" modes which otherwise would have negative energy.] There may or may not be a nonzero forward nonlocal transfer of energy to small scales in the infinite Reynolds number limit -depending on the strength of the nonlocal beating of the alien modes, the statement, "the direct helicity cascade carries also a residual, nonconstant flux of kinetic energy toward small scales ... vanishes in the high Reynolds number limit" of Biferale, Musacchio & Toschi (2012) , may still or may no longer hold. With more aliens, forward transfer will be more. The injected energy can be partitioned to be transferred to two opposite directions simultaneously in the infinite Reynolds number limit. And, to transit to a state with all energy completely cascading forwardly, sufficient aliens must be added to the regime larger than k in . In related to the cascades and/or (nonlocal) transfers in the infinite Reynolds number limit, what we have done is tuning the degree of the regularity of the solutions to be appropriately "dissipative" by manipulating of the population of the helical modes. To our best knowledge, for the full 2D or 3D Navier-Stokes, there is not yet satisfying mathematical theory for the cascade statements (generally attributed to Richardson, Kolmogorov, Onsager and Kraichnan) in the infinite Reynolds number limit. It appears that we may use the absolute equilibrium states to obtain at least some physical-picture intuitions for such an approach.
Magnetofluids
In principle, there can be many magnetofluid models for describing different subsets of the kinetic phase space of plasma dynamics. Here we study the classical single-fluid and the most general two-fluid MHDs. From the plasma physics point of view, two-fluid MHD is for a more complete description of the kinetic effects for the dynamics/scales between those of EMHD and single-fluid MHD. Two-fluid MHD presents various helicities in a unified way.
Single-fluid MHD
As introduced in §1, Meneguzzi, Frisch & Pouquet (1981) found with direct numerical simulations that "the large-scale B is mostly force free and produces only very little large-scale motion," with the relative magnetic helicity density |kQ M (k)/U M (k)| being close to 1 (nearly maximally helical); and, recently, Brandenburg, Dobler & Subramanian (2002) explicitly pointed out, by their Fig. 21 with postprocessing using helical decomposition, that the simulation with similar setup also present such OCSDSs. We now turn to explain such findings with the classical (single fluid) MHD equations
where ∇ · u = 0 and ∇ · B = 0.
Rugged invariants are three (see, e.g., Woltjer 1959; Frisch et al. 1975 ), the energy, magnetic helicity and cross helicity
which, together with Eq. (1.1), leads to (c.f., §1, also for notations)
Similar to the statement in §2.2 in comparing our spectra to those of Kraichnan (1973) , our spectra can not be considered to be simply the decomposition of those of Frisch et al. (1975) which are not valid when there is asymmetric truncation of the two chiral sectors of some k. When there is no asymmetric truncation, our spectra chirally split those of Frisch et al. (1975) following whom we start with the case of null cross helicity with β C = 0 for discussions: Q c M (k) with sgn(cβ M ) = −1 is responsible for the condensation of Q M at small k, around the positive simple pole k p = −cβ M /α. When the dynamics is dominated by the c = + (c = −) sector, it is simply to say that large positive (negative) magnetic helicity state corresponds to a negative (positive) β M with a shape spectral density is favored: Frisch et al. (1975) plotted such spectra (spectral densities multiplied by k 2 ) in their Figs. 1 and 2 for illustration, by choosing several typical temperature parameters. The other sector's pole has the opposite sign and is not reachable, thus, without such a mechanism of large-scale attraction, the energy would be transferred to small scales or simply less excited. When β C (or H C ) is nonzero, the prefactor before k in the denominators quantitatively changes, but the qualitative picture is not altered. [As pointed out in §2.1, the large-scale nearly maximally helical state predicted by AE is close (see also next paragraph) but different to the purely force-free one intensively studied in 1950s (see references in Woltjer 1959) . The common feature with that of Woltjer (1959) is that the invariant cross helicity does not essentially change the large-scale nearly maximally helical physics. Recently, some authors argue that cross-helicity, signature of the imbalance along and opposite to the background magnetic field, may be important to determine the (reduced) MHD forward cascade inertial range scaling exponent (see, e.g., Perez et al. 2012 , and references therein), which is beyond the scope of this study (although a spacially uniform B 0 can be formally included in our calculation and analysis.)] Thus, the OCSDSs in Meneguzzi, Frisch & Pouquet (1981) and Brandenburg, Dobler & Subramanian (2002) are related to our AE spectra. Actually, Pouquet, Frisch & Léorat (1976) had carried out systematic study of eddy-damped quasi-normal Markovian (EDQNM) MHD turbulence and nonlinear dynamo. The data of their Figs. 4 and 5 around k = 0.16 (it is actually reasonable to say "starting from the beginning of the inertial range to ever larger scales"), and, of Figs. 8 and 9 around k = 0.1, already clearly presented OCSDSs as can be seen from the values of the relative helicities computed from their figures. Obviously, as EDQNM shares the conservation properties of the original system, it satisfies the AE spectra and that the OCSDS arguments also work. We won't go too far into much more details, but just remark that the pertinent discussion of Pouquet, Frisch & Léorat (1976, p. 345 , second paragraph) can also be elaborated: For instance, the large-scale ensemble can be understood by AE with positive magnetic helicity, with finer chiral-sector dynamics for the different chiralities in separate scale regimes. We only want to remark that relaxation of magnetic helicity to the largest scales does not necessarily indicate local cascade, nonlocal transfer also is possible (see, e.g. Brandenburg & Subramanian 2005) ; and, there is nothing in conflict with the more mechanical reasoning, such as the alpha-effect.
Conceptually, a reader may quickly question whether we really learn anything more from chiral decomposition than that if helicity is large, one chirality must dominate. Isn't that obvious? The simple pole mentioned under Eqs. (2.4) and (2.5) is already present in the spectra of Frisch et al. (1975) and indeed accounts for the accumulation of magnetic helicity at large scales. Chiral decomposition is not needed to reach this conclusion? To understand these problems, one must first understand that large net helicity does not necessarily mean OCSDS or big relative helicity. The reason is explicitly shown by the equalities of numbers 1001 − 1 = 1000 = 1001000 − 1000000, where 1000 represents a large number for the net helicity in the system not viewed with chiral decomposition, and, where 1001 versus −1 on the left-hand side and 1001000 versus −1000000 on the left-hand side represent respectively the positive-versus negative-sector helicities of two cases (the former of which is OCSDS and the latter of which is not, obviously.) Now, suppose the spectra were not chirally decomposed and that the small-k pole might contribute to both left-and righ-handed helicities. In such an ambiguous situation, one would not be able to conclude the net number 1000 be relevant to OCSDS, which was exactly what happened in the past studies mentioned in the above, sounding like just a hair's breadth though. Thus, it is clearly that the answers for such a reader are firm "no"s. Interestingly, even in the extremely strong sense of "non-helical" state with Q M (k) = Q K (k) = 0, i.e., the two chiral sectors of both magnetic and velocity fields balancing at each wavenumber, AE seems to still support the so-called non-helical turbulent dynamo. The reason is that, in this situation, while energy (either kinetic or magnetic) is equipartitioned into each helical mode, magnetic helicities of both sectors with opposite signs are "attracted" by the same pole k p = 0. Note that unlike EMHD ( §2.1), magnetic energy itself here is not conserved and kinetic energy can be transformed to it to ease the inverse magnetic helicity transfers for the two chiral sectors simultaneously. Note also that Pouquet, Frisch & Léorat (1976) and Meneguzzi, Frisch & Pouquet (1981) , and other isotropic MHD simulations with unit Prandtl number, found a slight excess of magnetic energy at small scales, which may be due to such "attraction" from large scales. Without decomposition, as net helicity (at any k) is seen to be zero, researchers traditionally have not seriously thought about the simultaneous backward transfer of both sectors, to our best knowledge.
Two-fluid MHD
Two-fluid effects, the decoupling between electrons and ions, are important in many laboratory and astrophysical situations (see, e.g., Yamada et al. 2002; Brandenburg & Subramanian 2005) . The ideal incompressible two-fluid MHD states that the generalized vorticities ∇ × P s , with canonical momenta P s = m s u s + q s A for each species s, are "frozen in" (c.f. §2.1) to the respective flows (see, e.g., Ruban 1999 , and references therein)
where E is the electric field vector and q s and m s are charge and mass. Since this model has very rich physics, to remind ourselves the relevant context and the weights of physical quantities in quantifying chirality (instead of being purely geometrical, as discussed in Petitjean 2003), we now use the normalization which keeps some physical parameters explicitly, unlike those in EMHD and single-fluid MHD. The dynamics is constrained by three rugged invariants, i.e., the total energy and self-helicities:
Here, two-fluid effects are in the extra terms in the invariants compared to single-fluid MHD. With Eq. (1.1), we are led to the following AE spectra densities (c.f., §1, also for notations)
s βs and T (k) = s Ls(k) wheres means the other species than s and where the index C is for the "cross" helicity as defined in §2.3.1. We summarize the following points: † First. The poles, i.e., roots of the third order polynomials D c (k), of the two sectors are of opposite signs, as c appears in the second and zeroth order terms.
Second. The relevant spectrum may be of shape, with a positive pole on the left. This is † The result unavoidably appearing a bit complicated, it may be helpful for readers to focus on U c M (k) and Q c M (k) first. Further simplification of these formulae can be made for some situations. For instance, electron-positron plasma with mass equivalence and charge conjugation enables us to take all masses and charges be normalized unity. But, for our purposes here, taking D c as polynomials of k with the fundamental theorem of algebra and Vieta's formulas in mind suffices. Note that we have general formula for the roots whose nature is determined by the discriminant. In the cases discussed below, the parameter regimes (constrained by the realizability condition) can be obtained with such basic knowledge by some simple but tedious manipulations and are omitted here. Electric energy distribution is omitted for two reasons: One is that it can be neglected in usual cases; and, the second is that it is decoupled from the others. similar to the single-fluid MHD ( §2.3.1) case with OCSDS of inverse magnetic helicity transfer. Like the discussion in the end of §2.1 for the regime of scales much smaller than d e , shape spectral density as in HD ( §2.2) may be relevant to the scenario of both energy and helicities cascading forwardly. Now there can be other larger positive poles, from the same chiral sector or not, which may also be physically relevant to the possible persistence or emergence of chiralities due to the dominance of different physical processes at different scale regimes. Note that like Hall MHD in Meyrand & Galtier (2012) , ion MHD (IMHD) or EMHD can be identified in our two-fluid model by putting the fluid velocity of one species to zero: Asymmetries between the respective dynamics, with the opposite chirality in their sense of whistler or cyclotron waves, may present at different scale regimes, due to, say, the different m s of the two species (unlike electron-positron plasma). ‡ Third. A shape spectral density [Q M (k), say] may be confined inbetween two distinct positive poles, belonging to the same chiral sector or not, which presents cross-scale (e.g., going across the ion or electron skin depthes etc.) behavior: The general EMHD in §2.1 with finite electron inertial can already have such a feature as is clearly seen from U c M (k) given there. The general effects can be understood with the combination of the two cases in the above second item. And, the large-k peak may also be relevant to small-scale field generation (see, e.g. Brandenburg & Subramanian 2005 , in the context of battery mechanisms).
Last. If O = 0 in the zeroth order terms underlined below Eq. (2.6), magnetic helicity does not act in constraining the AE ensemble through s βsHs (c.f., §1). [Note that k = 0 does not become a pole for this situation, as every spectrum in Eq. (2.6) has a factor of k to cancel it.] Since now s βs < 0, we can see that this case is similar to the last situation of K67 considered by Kraichnan (1967 Kraichnan ( , p. 1423 
), with our [T (k)]
−1 > 0 (from the realizability conditions) being eligible to act the role of k 2 there [see alsoŪ K (k) in §1]. This corresponds to a shape spectral density. The pole for large-scale concentration is gone now (only Q c M , by definition, has k = 0 as the asymptotic pole as in single-fluid MHD). We thus can conclude that magnetic helicity constraint under two-fluid framework is still crucial for large-scale concentration of magnetic fields, as in single-fluid MHD where it is conserved.
Careful analyses with appropriate choices of the physical parameters can be made for detailed illustration and more subtle implications. Similarly is for other intermediate models such as Hall MHD [and general EMHD with finite electron inertial ( §2.1)] whose result is a bit simpler, with the denominators being polynomials of second order. From the plasma physics point of view, it is very interesting to spell out all detailed effects of each physical element (skin depths, mass ratio effects etc.), which however is not the focus of this paper. We have to refrain from treating these cases in too great a detail. Residuals of AE results may persist but require the assistance of other tools for more accurate analyses.
Further discussions
General remarks
Turbulence statistics can be sharpened with helical representation, which has been well discerned since Moffatt (1970) and K73 (Kraichnan 1973) and has become fully workable since Waleffe (1992) [see also Moses (1971) .] We have merely focused on the most basic AE aspect concerning the direction of spectral transfer as well as the selection and amplification of chirality. The key point is that although the dynamics of the two chiral sectors are in general coupled, the absolute ‡ The chirality of Meyrand & Galtier (2012) designated by their magnetic polarization does not depend on our sense of chiral sectors in the IMHD or EMHD linear dispersion relations exploited by them, but only on the signs of the charges. In our work, chirality refers to the definite right-or left-handed sector in the helical representation, which is more basic and works for any models, and which may be used to similarly interpret strong turbulence (not limited to the linear wave dispersion relation) as well. equilibrium spectra are cleanly split, with poles of opposite signs. Not only that the finer physical structures offer new insights about the "(near-)racemic mixture" (c.f., the last paragraph of §2.3.1), but also that one should keep away from the misconception that the chirally decomposed quantities derived in this paper never appear in the AE ensemble by themselves, but always in combinations giving inviscid invariants. Actually, OCSDSs may emerge in natural systems due to mechanisms relevant to what we have discussed or one can work with samples of "enantiopure compounds" ( §2.2). Concerning partial fraction decomposition, our results physically assures the decomposability of the spectra of the traditional Fourier modes from the hydrodynamic-type models studied here and practically solves the mathematical problem (giving also the nice "conjugate" mathematical structures in the spectra of the opposite chiral sectors), at least to the degree of two parts with poles of exactly opposite signs, which is not trivial for some models such as the two-fluid MHD ( §2.3.2). Naive attempts to perform the "post" decomposition of the traditional spectrum could be formidable (though we have assured the possibility now) and confusing, for lack of physical motivation: For instance, one could think of trying further to decompose the already chirally decomposed two-fluid MHD spectra. For the absolute equilibria themselves, both K73 and Frisch et al. (1975) 's insights were almost here as we are now. Especially K73 explicitly discussed the interactions of pure helical modes. Curiously, K73 however did not † study the chiroids absolute equilibria to which his traditional mixed ones can not be reduced by taking any limits of any of the temperature parameters, in which sense we mean, in §2.2, his results are not valid for asymmetrically truncated systems. Such a piece of thin "window paper" was not pierced probably due to the fact that conventionally the relevance of the traditional chirally symmetric Galerkin truncation were made to the classical chirally symmetric viscosity or resistivity following Lee (1952, footnote 2) and Kraichnan (1973, footnote 8) . ‡ Indeed, technically it is just a tiny gap, which is conceptually elegant though, for Kraichnan (1973) to expose the ultimate spectra of fluid chiroids and hardly any more insights for the physical situations he considered can we obtain. However, if we can somehow introduce chirally asymmetric dissipation and/or resistance in (magneto)fluids ¶, then the small-scale damping as discussed in §2.2 would not be simply only for chiral symmetry restoration and that explicit small-scale chirality selection and amplification similar to those at large scales could also present. Actually, in general plasma dynamics, such as cyclotron damping (essentially a 3D analog of the classical 1D Landau damping) and plasma heating (see, e.g., Chaps. 10, 11 and 17 † Kraichnan (1973) might not have been motivated to systematically examined the dynamics in helicalmode representation, especially the Liouville theorem and detailed conservation laws the latter of which only appeared two decades later (Waleffe 1992 ). There is a conceptual issue here as we will elaborate a little bit. He wrote in the second page of that paper: "The two helical waves provide an alternative to the usual Fourier decomposition into plane-wave components." In the usual Fourier representation, with consideration of isotropy (but lack of reflexion symmetry) as he was considering, there is no reason and no way to distinguish special components of the 3D spectra or spectra of special components of the Fourier coefficients, since they are all statistically identical. And, now the helical representation, as he noted, is only an alternative to the usual Fourier representation, concerning the degrees of freedom, thus he might omit the important distinguishability of the spectra between the opposite sectors.
‡ For such physical considerations, see also some recent works (Frisch et al. 2008; Zhu & Taylor 2010) where other dissipation models lead to convergence to the classical Galerkin truncations in some sense.
¶ It might be possible to work with some chiral (conducting) polymers; or, for classical magnetofluids, some special electromagnetic techniques would be wanted. Note that conventional study of elastic polymer effects (such as Procaccia, L'vov & Benzi 2008; Steinberg 2009 ) have not paid attention to the chirality, that is, the possibility of a third time scale τ θ , over which the torque is to be balanced, besides the transverse and longitudinal ones ( τ ⊥ and τ in Hatfield & Quake 1999) of the extended coil/helix (such as DNA), and that in a simple dilute polymer solutions dynamical model (Fouxon & Lebedev 2003 , whose nonlinear dynamics is exactly the same as the classical 3D single fluid MHD studied in §2.3.1!) only a single relaxation time τ is used for all modes of B, the so-called "tau approximation". It is possible that the 3D chiral property of the polymers have non-neglectable rheological effects, especially in the turbulent states where small-scale helical modes are excited. of Stix 1992), our result may be of stronger connection, since the ion and electron cyclotron resonances are of opposite chiralities and at different scales, addressable by two-fluid MHD model ( §2.3.2). To explore more definitely the plasma physical processes, a combination of the insights from our study with careful diagnoses a la Chen, Chen & Eyink (2003) and specific isolations as discussed in §2.2 are promising.
Comparisons: for genericities, differences and beyond
A major purpose of this work is to find the genericities and differences of various helicity effects by comparisons of the different hydrodynamic-type models. The subject in the center of the comparison is that of magnetic versus kinetic helicities. The pure magnetodynamic result for OCSDS of magnetic helicity (transfer) at large scales, as represented in the vanishing-d e EMHD, generically lies in the core also of other MHD models. Two-fluid MHD has the most general and complete elements of helicities and show convincingly the crucial role of magnetic helicity for large scales. It appears to be nothing deep but simply due to the mathematical re-
by definitions, which show that magnetic helicity belongs more to large scales. One "artificial" way to look at it is the following: The gyrofrequency of a charged particle's helical motion around B is Ω = qB/m, which means that we can formally take the B-line as "kinetic vorticity" Ω-line, macroscopically [Magnetic field is indeed a pseudovector, like fluid vorticity, allowing the well-known dynamical analogy between them as initiated by Batchelor (see, e.g., Moffatt 2008) .] This then gives various helicities a kind of unified description. Magnetic helicity is thus related to the more "intrinsic" plasma particle motion. There are also other supports of the robustness of magnetic helicity (see, e.g., Brandenburg & Subramanian 2005) , such as analysis with more general context (Berger & Field 1984) and measurements (Ji 1999) .
The HD and the large-d e EMHD situations are different to the others, in the sense that the realizable AE spectra can only have positive pole at large ks which regime however is subject to dissipation in real physical systems. That is, reflexion symmetry breaking and restoration mechanisms meet at the same battlefield and they reach another kind of equilibrium (balance) which is far from our statistical absolute equilibrium, whose implications and residuals concerning chirality in conventional fluids can still be identified with careful analyses ( §2.2). Restricting to the homochiral situations (Waleffe 1992; Biferale, Musacchio & Toschi 2012) , HD kinetic energy or EMHD magnetic helicity accumulating at or transferring to large scales becomes possible as indicated by the negative-α state with small-k pole. Such an abrupt change of physical scenario is not shared by other MHD models and motivates other variations of truncation schemes which may bridge the transition from completely inverse to partly inverse and partly forward and to completely forward transfers ( §2.2).
Concerning turbulence cascade in the infinite Reynolds number limit or some kind of thermodynamic limit in the sense of k max → ∞ in the conventional Galerkin truncation, full 3D Navier-Stokes' energy and helicity both cascading to small scales indicates that the solution is singular. Note that such an indication however has not yet found rigorous mathematical support and that there is still space for opposite conjectures, such as a solution as some kind of "directional limit" without such dissipative anomalies (Zhu & Taylor 2010) . Now, for homochiral 3D Navier-Stokes with, say, c = +, it is expected that only helicity, but not energy, is transferred to small scales, which indicates that the solution is slightly less singular, with the Hölder exponent h in δu(ℓ) ∼ ℓ h inbetween 1/3 and 2/3 (Eyink 2008), of course in some statistical sense as the multifractal spectrum of h spans wider in realizations (Frisch 1995) . The self-similar pure kinetic helicity cascade spectrum would go as H Brissaud et al. 1973; Waleffe 1992) which, unlike Kraichnan's 2D enstrophy spectrum ∼ k −1 , is convergent when integrated over k, which so far does not bring any troubles, since, again unlike 2D Euler where finite enstrophy ensures the smoothness of the solution and that in principle an equilibrium statistical mechanics without truncation (Miller 1990; Robert 2003) , there is no mathematical theorem to assure conservation of helicity with its finiteness (see, e.g., Eyink 2008 , noting that now h = 2/3). Of course, such cascade still may have spacial intermittency, in the sense of Onsager (Eyink 2008 ) that the helicity dissipation appears "spotty", in which case an anomalous part of the dissipation may be considered to be curdling (with infinite density) on some fractal sets of zero volumes (Mandelbrot 1974) , described by some Dirac delta function supported by the fractal, as an extremal limit. Coming back to full Navier-Stokes and supposing both energy and helicity cascading forwardly as k −5/3 , we immediately see from Eqs. (1.2) and (
with C 1 and C 2 being constants (Ditlevsen & Giuliani 2001) . That is, the two sectors of helicity both present ultraviolet divergences, indicating more singular solutions, which is consistent with the absolute equilibrium spectra showing poles at large k (compared to the small-k poles for the homochiral case). Thus, as indicated by the smooth transition from backward to forward cascades by manipulating the helical modes in §2.2, how the added "alien" helical modes increase the nonlinearity to roughen the solutions may be a more interesting physical problem. Note however that the HD scenario does not work in vanishing-d e EMHD for pure magnetodynamics (neither for other more complicated MHD models) which, for instance, when truncated to be homochiral, presents no drastic change of transfer/cascade direction; actually, one can easily perform for such an EMHD model the same clean calculation of the single-triad pure-helical-mode interactions as K73 did for HD (see also Moffatt 1978, pp. 284-286 , where a typo in Kraichnan's result is corrected quietly), which however does not lead unambiguously to the conclusion of interactions stronger for modes of opposite helicities than for homochiral ones.
Since an incompressible hydrodynamic-type system can be reduced to the dynamics of chiroids a la Kelvin, it is natural that one reduces the statistical dynamics to what is based on them and "hopes that one can get some insight into the nature of more general viscous flows and even, perhaps, a deeper understanding of turbulence." (Moses 1971) We have studied the chirality issue, starting from and essentially based on the chiroids absolute equilibria. The equilibrium spectra can also be used to guide (and of course benchmark) numerical experiments with truncation schemes such as those discussed in §2.2 with asymmetric truncation between the two chiral sectors. Hints for further theoretical considerations may also be inferred. For instance, the clear OCSDS for large-scale magnetic helicity could imply some clues to dynamical dynamo model. Looking further into anisotropic fluctuations with a background magnetic field (for such discussions under the framework of 3D gyrokinetics, see, e.g., Zhu & Hammett 2010) and to more realistic laboratory situations is also a reasonable step towards a more comprehensive theory for multi-scale plasma dynamics. And, due to the cross-disciplinary popularity of the notion of chirality as the legacy of Pasteur and Lord Kelvin (see, e.g., Barron 1997 ), one may not be able to resist a thought excursion into other fields, such as biochirality (see, e.g., Blackmond 2010) among others (though we don't encourage a hasty generalization), which is the reason why we choose the terminology "chirality" instead of "parity", which may be thought to be associated with the symmetry of fundamental physical laws or pure geometrical symmetry -mirror symmetry -of objects, or "polarization" which is used more for (linear) waves.
In conclusion, the paper is almost doubly expanded, compared to the original version, to answer the referees' questions and to meet a referee's literal request for "decompression." Especially, we "dared" to write Appendix A thanks to a referee who raised the questions, believed in their popularity among readers and asked for explicit answers in the paper. Let us outline here, for the HD case, a direct verification (e.g., Waleffe 1992) and a proof (e.g., Kraichnan 1973 ) of the detailed conservation laws for energy and helicity of the pure helical modes among each interacting triads. Both of them are simply carried over from those for the traditional Fourier modes. The direct verification starts from the dynamical equations of the pure helical modes, with the interactions restricted among only one triad as given by Eq. (9) of Waleffe (1992) . As he shows, simple algebras by the definitions of energy and helicity using this equation then verify the conservations of energy and helicity of the three conjugate pairs of pure helical modes, regardless the handedness of any chiroid. The alternative proof also needs only to change the objects of the classical Fourier modes, in the third paragraph in p. 748 of Kraichnan (1973) , to pure helical modes. The idea is simply that the overall energy and helicity are formally conserved by the original dynamics without explicit truncation and the truncated modes' energy and helicity are constantly zero, due to the facts that their amplitudes are set to be nulls by definition of truncation and that the "energy and helicity expressions are quadratic and diagonal in the wave-vector amplitudes." Note that the expression being diagonal in the wavevector amplitudes is also important: Suppose it is not diagonal and that the convolution involves the multiplication of modes in the truncated and un-truncated domains, then the change rate of it is not assured to be constantly zero, since the change rate constitutes a component from the multiplication of the time derivative of a mode in the truncated domain with another mode in the un-truncated domain, both of which can be non-zero; an example is the quadratic invariants of 2D gyrokinetics in the Fourier-Hankel/Bessel representation and truncation, where the phase-space "wave-vector" is extended from the conventional wave-vector to include a component from the spectral representation of the velocity variable and where those quadratic expressions not being diagonal in the extended wave-vector are not ruggedly conserved, i.e., not invariant after FourierHankel/Bessel truncation (see pp. 3-4 of Zhu 2011).
As some readers may feel easier to start with a degenerate trivial case to get somewhat more concrete grasp, let's suppose first that we retain only contributions from the region of wavenumber space |k| < K (Galerkin truncation), and that we start with a single triad of pure helical modes (chiroids), using c(·) to denote the chirality of the leg, {[±k, c(k)]; [±p, c(p)]; [±q, c(q)]} with k+p+q = 0 and K/2 < |k|, |p|, |q| < K, so that harmonics generated by the Euler equations are eliminated under this truncation which we can think of as providing some kind of 'artificial dynamics' and which is denoted by the index " g ". Let u g (x, t) and ω g (x, t) = ∇ × u g (x, t) be the velocity and vorticity fields evolving under this artificial dynamics. Then the claim is that the mean kinetic energy E g =< u 2 g /2 > and mean helicity H g =< u g · ω g > are invariant in time.
A.2. Dynamical and topological aspects
By definition, the Galerkin-truncation dynamics of vorticity is
[With the very specific Galerkin truncation considered in Appendix A.1, obviously ∂ t ω g = 0, since the right-hand side of Eq. (A 1) leaves no modes between K/2 and K.] We are not sure whether the fact that H g is constant assures a fictitious velocityṽ to solve ∂ t ω g = ∇ × (ṽ × ω g ),
i.e., making an analogue of the Kelvin-Helmholtz or "frozen-in" theorem (which is sufficient but not necessary for the conservation law.) Definitely,ṽ = u g is not the solution, otherwise the last index " g " on the right-hand side of Eq. (A 1) would have no effect. Note that the topological interpretation of the helicity as the degree of (average) knottedness and/or linkage (Moffatt 1969 ) of (closed) field line(s) formally carries over to the Galerkin truncated case. Actually, the interpretation itself has not much to do with the dynamics but simply works for fields satisfying some basic properties by the definition of Gauss linking number, which has a lot of subtleties and complications when generalized to continuous fields and general boundary conditions (see, e.g., Moffatt 1969; Berger & Field 1984; Arnold & Khesin 1998 , among many other references cited therein and appearing later). The Galerkin-truncated dynamics is formally changed much in physical space (as partly shown in the last paragraph) while formally unchanged (except for truncation) in Fourier space concerning triadic interactions. One (formally) unchanged thing, besides those such as the quadratic invariants, that clearly bridges the physical-and Fourier-space representation, is the preservation of the solenoidal fields, which is also due to the fact that the orthogonality between their chiroids and the wavevectors holds in detail [i.e., for each chiroid k ·ĥ c (k) = 0] and which justifies the definition of flux tube(s) as the key to the topological interpretation (Moffatt 1969) . Topological, especially knot-theory, approaches to the statistical dynamics of course deserves further pursue, which is however beyond the scope of this note.
A.3. On the tacit assumptions in the statistical consideration
It is difficult and quite open to establish mathematically rigorous conditions for justifying the application of statistical mechanics. For example, according to literatures (see, e.g., Eyink & Sreenivasan 2006 , and references therein), ergodicity, being sufficient, may not be trivially satisfied but may neither be necessary; and, the mixing time scale could be hard to estimate for evaluating the closeness of physical relevance of the equilibrium ensemble. However there is a trivial bottom line that is assumed to be met, that is, all modes should be directly or indirectly connected by forming the interacting triads to define a system. For example, now suppose instead that we start with two triads {[±k j , c(k j )]; [±p j , c(p j )]; [±q j , c(q j )]} with j = 1, 2 and all these wavevectors in the spherical annulus (K/2, K), as in Appendix A.1, and suppose that these triads are non-interacting. Let the energies in the triads be E g1 and E g2 respectively, and the helicities H g1 and H g2 . Then it makes no sense to use the ensemble defined by the total energy E g = E g1 +E g2 and the total helicity H g = H g1 +H g2 for the union of these two isolated systems, not to mention that sufficient number of modes are necessary for a statistical consideration.
